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A COMPARISON OF TWO GENERALISATIONS OF
TRIPLETS OF HILBERT SPACES
PETRU COJUHARI AND AURELIAN GHEONDEA
Abstract. We compare the concept of triplet of closely embedded Hilbert spaces with that
of generalised triplet of Hilbert spaces in the sense of Berezanskii by showing when they
coincide, when they are different, and when starting from one of them one can naturally
produce the other one that essentially or fully coincides.
1. Introduction
There are two basic paradigms of mathematical models in quantum physics: one due to
J. von Neumann based on Hilbert spaces and their linear operators and the other due to
P.A.M. Dirac based on the bra-ket duality. The two paradigms have been connected by
L. Schwartz’s theory of distributions [9] and the rigged Hilbert space method, originated by
I.M. Gelfand and his school [6], with the remarkable success of Gelfand-Maurin’s Theorem
[6] and [8], that turned out to be a powerful tool in analysis, partial differential equations,
and mathematical physics.
An important more rigorous formalisation of the construction of rigged Hilbert spaces
was done by Yu.M. Berzanskii [1] through a scale of Hilbert spaces and where the main
step is taken by the so-called triplet of Hilbert spaces. More precisely, a triplet of Hilbert
spaces, denoted H+ →֒ H →֒ H−, means that: H+, H, and H− are Hilbert spaces, the
embeddings are continuous (bounded linear operators), the space H+ is dense in H, the
space H is dense in H−, and the space H− is the dual of H+ with respect to H, that is,
‖ϕ‖− = sup{|〈h, ϕ〉H | ‖h‖+ ≤ 1}, for all ϕ ∈ H. Extending these triplets on both sides, one
may get a scale of Hilbert spaces that yields, by an inductive and, respectively, projective
limit method, a rigged Hilbert space S →֒ H →֒ S ′.
In [5] we replaced the continuous embeddings by closed embeddings, that have been defined
and studied in [3], in order to obtain a more flexible notion of triplet of Hilbert spaces, in the
sense that we obtained a chain of two closed embeddings with certain duality properties that
is associated to a given Hamiltonian, for which 0 is yet not an eigenvalue but which may not
be in the resolvent set. There, we obtained a model and an axiomatisation of the notion of
triplets of closely embedded Hilbert spaces, a short study of the basic existence, uniqueness,
a few other properties of them, and many applications, among which a prominent role was
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played by an application to a Dirichlet problem associated to a general class of ”elliptic like”
partial differential operators.
However, a different type of generalised triplet of Hilbert spaces was already known to
Yu.M. Berazanskii, see [2], and it is the aim of this article to make a comparison of the
two concepts. In this respect, the two concepts share some common traits, one of the
most interesting being the symmetry, see Proposition 5.3 in [5] and Corollary 3.2. Also, in
Example 3.4 and Example 3.5 we show that for the case of two of the toy models, weighted
L2 spaces and Dirichlet type spaces on the unit polydisc, that we have used in order to
derive the axiomatisation of triplets of closely embedded Hilbert spaces, these two concepts
coincide.
On the other hand, the two generalisations of triplets of Hilbert spaces are rather different
in nature, when considered in the abstract sense. Thus, we first show in Theorem 3.3 that,
given a triplet of closely embedded Hilbert spaces (H+;H0;H−), the space D = H+∩H0∩H−
is dense in each of H+, H0 and H− and that the triplet (H+;H0;H−) becomes a generalised
triplet in the sense of Berezanskii if and only if a certain continuity property, that can be
equivalently formulated in two other different ways, holds.
For the converse problem, we first recall, in Lemma 3.1, the reformulation of the original
definition of Berezanskii of a generalised triplet of Hilbert spaces (H;H0;H
′) in operator
theoretical terms, more precisely, in terms of a contractive linear operator B : H′ →H that
is boundedly invertible. Then we show in Theorem 3.6 that, given a generalised triplet of
Hilbert spaces (H;H0;H
′), we can construct in a natural way a triplet of closely embedded
Hilbert spaces (R(T );H0;D(T
∗)) that ”essentially” coincides with the triplet of generalised
Hilbert spaces (H;H0;H
′) on the linear manifold D = H∩H0 ∩H
′, that is dense in each of
the spaces H, H0, and H
′, modulo a norm equivalent with ‖ · ‖H′ . Finally, in Theorem 3.8
characterisations of those generalised triplets of Hilbert spaces that are also triplets of closely
embedded Hilbert spaces are obtained.
For the reader’s convenience and due to the fact that the concept of triplets of closely em-
bedded Hilbert spaces is rather involved, we reviewed in Section 2 all necessary constructions
and the main results on this issue, that are needed in this article.
2. Triplets of Closely Embedded Hilbert Spaces
A Hilbert space H+ is called closely embedded in the Hilbert space H if:
(ceh1) There exists a linear manifold D ⊆ H+ ∩H that is dense in H+.
(ceh2) The embedding operator j+ with domain D is closed, as an operator H+ → H.
More precisely, axiom (ceh1) means that on D the algebraic structures ofH+ and H agree,
while the meaning of the axiom (ceh2) is that the embedding j+, defined by j+x = x for
all x ∈ D ⊆ H+, is a closed operator when considered as an operator from H+ to H. In
case H+ ⊆ H and the embedding operator j+ : H+ → H is continuous, one says that H+
is continuously embedded in H. The operator A = j+j
∗
+ is called the kernel operator of the
closely embedded Hilbert space H+ with respect to H.
The abstract notion of closed embedding of Hilbert spaces was introduced in [3] following
a generalised operator range model. In this section we first recall two models, which are dual
TWO GENERALISATIONS TRIPLETS OF HILBERT SPACES 3
in a certain way, and that have been used in [5], and then we recall the concept of triplet of
closely embedded Hilbert spaces and its main properties.
2.1. The Space D(T ). We recall a first model of closely embedded Hilbert space generated
by a closed densely defined operator. For the beginning, we consider a linear operator T
defined on a linear submanifold of H and valued in G, for two Hilbert spaces H and G,
and assume that its null space Null(T ) is a closed subspace of H. On the linear manifold
Dom(T )⊖ Null(T ) we consider the norm
(2.1) |x|T := ‖Tx‖G , x ∈ Dom(T )⊖ Null(T ),
and let D(T ) be the Hilbert space completion of the pre-Hilbert space Dom(T ) ⊖ Null(T )
with respect to the norm | · |T associated to the inner product (·, ·)T
(2.2) (x, y)T = 〈Tx, Ty〉G, x, y ∈ Dom(T )⊖Null(T ).
We consider the operator iT , as an operator defined in D(T ) and valued in H, as follows
(2.3) iTx := x, x ∈ Dom(iT ) = Dom(T )⊖ Null(T ).
The operator iT is closed if and only if T is a closed operator, cf. Lemma 3.1 in [5]. In addition,
the construction of D(T ) is actually a renorming process, more precisely, the operator T iT
admits a unique isometric extension T̂ : D(T )→ G, cf. Proposition 3.2 in [5].
The most interesting case is when the operator T is a closed and densely defined operator.
Throughout this article, for two H and G Hilbert spaces, we denote by C(H,G) the class of all
linear operators T densely defined in H, with range in G, and closed. The next proposition
explores this case from the point of view of the closed embedding of D(T ) in H and that of
the kernel operator A = iT i
∗
T .
Proposition 2.1 ([5], Proposition 3.3). Let T ∈ C(H,G), for two Hilbert spaces H and G.
(a) D(T ) is closely embedded in H and iT is the underlying closed embedding.
(b) Ran(T ∗) ⊆ Dom(i∗T ) and equality holds provided that Null(T ) = 0.
(c) Ran(T ∗T ) ⊆ Dom(iT i
∗
T ) and equality holds provided that Null(T ) = 0. In addition,
(2.4) (iT i
∗
T )(T
∗T )x = x, for all x ∈ Dom(T ∗T )⊖ Null(T )
(d) (iT i
∗
T ) Ran(T
∗T ) ⊆ Dom(T ∗T ) and equality holds provided that Null(T ) = 0. In
addition,
(2.5) (T ∗T )(iT i
∗
T )u = u, for all u ∈ Ran(T
∗T ).
We can view the Hilbert spaceD(T ) and its closed embedding iT as a model for the abstract
definition of a closed embedding. More precisely, let (H+; ‖ · ‖+) be a Hilbert space closely
embedded in the Hilbert space (H; ‖·‖H) and let j+ denote the underlying closed embedding.
Since j+ is one-to-one, we can define a linear operator T with Dom(T ) = Ran(j+)⊕Null(j
∗
+),
viewed as a dense linear manifold in H, and valued in H+, defined by T (x⊕ x0) = j
−1
+ x, for
all x ∈ Ran(j+) and x0 ∈ Null(j
∗
+). Then Null(T ) = Null(j
∗
+) and, for all x ∈ Ran(j+) we
have x = j+u for a unique u = x ∈ Dom(j+), hence
‖x‖+ = ‖Tx‖+ = |x|T .
Thus, modulo a completion of Dom(j+) which may be different, the Hilbert space (D(T ); |·|T )
coincides with the Hilbert space (H+; ‖ · ‖+).
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2.2. The Space R(T ). In this subsection we recall a second model of closely embedded
Hilbert spaces, based on a construction associated to ranges of general linear operators that
was used in [3].
Let T be a linear operator acting from a Hilbert space G to another Hilbert space H and
such that its null space Null(T ) is closed. Introduce a pre-Hilbert space structure on Ran(T )
by the positive definite inner product 〈·, ·〉T defined by
(2.6) 〈u, v〉T = 〈x, y〉G
for all u = Tx, v = Ty, x, y ∈ Dom(T )⊖ Null(T ). Let R(T ) be the completion of the pre-
Hilbert space Ran(T ) with respect to the corresponding norm ‖ · ‖T , where ‖u‖
2
T = 〈u, u〉T ,
for u ∈ Ran(T ). The inner product and the norm on R(T ) are denoted by 〈·, ·〉T and,
respectively, ‖·‖T throughout. Consider the embedding operator jT : Dom(jT )(⊆ R(T ))→ H
with domain Dom(jT ) = Ran(T ) defined by
(2.7) jTu = u, u ∈ Dom(jT ) = Ran(T ).
Another way of viewing the definition of the Hilbert space R(T ) is by means of a certain
factorisation of T . More precisely, letting T be a linear operator with domain dense in the
Hilbert space G, valued in the Hilbert space H, and with closed null space, considering the
Hilbert space R(T ) and the embedding jT defined as in (2.6) and, respectively, (2.7), there
exists a unique coisometry UT ∈ B(G,R(T )), such that Null(UT ) = Null(T ) and T = jTUT ,
cf. Lemma 2.5 in [3]. In addition, with the notation as before, the operator T is closed if
and only if the embedding operator jT is closed, cf. Proposition 2.7 in [3].
Lemma 2.2 ([5], Lemma 3.8). Let T ∈ C(G,H). Then Dom(j∗T ) ⊇ Dom(T
∗) and, if T is
one-to-one, then Dom(j∗T ) = Dom(T
∗).
The definition of closely embedded Hilbert spaces is consistent with the model R(T )
for T ∈ C(G,H), more precisely, if H+ is closely embedded in H then R(j+) = H+ and
‖x‖+ = ‖x‖j+ . On the other hand, the model for the abstract definition of closely embedded
Hilbert spaces follows the results on the Hilbert space R(T ). Thus, if T ∈ C(G,H) then
the Hilbert space R(T ), with its canonical embedding jT as defined in (2.6) and (2.7), is a
Hilbert space closely embedded in H. Conversely, if H+ is a Hilbert space closely embedded
in H, and j+ denotes its canonical closed embedding, then H+ can be naturally viewed as
the Hilbert space of type R(j+). In addition, TT
∗ = jT j
∗
T , cf. Proposition 3.2 in [3].
The closely embedded Hilbert space R(T ) is essentially an operator range construction.
Theorem 2.3 ([3], Theorem 2.10). Let T ∈ C(G,H) be nonzero and u ∈ H. Then u ∈
Ran(T ) if and only if there exists µu ≥ 0 such that |〈u, v〉H| ≤ µu‖T
∗v‖G for all v ∈ Dom(T
∗).
Moreover, if u ∈ Ran(T ) then
‖u‖T = sup
{ |〈u, v〉H|
‖T ∗v‖G
| v ∈ Dom(T ∗), T ∗v 6= 0
}
,
where ‖ · ‖T is the norm associated to the inner product defined as in (2.6).
The uniqueness of a closed embedded Hilbert space in terms of its kernel operator takes
a slightly weaker form than in the case of continuous embeddings.
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Theorem 2.4 ([3], Theorem 3.4). Let H+ be a Hilbert space closely embedded in H, with
j+ : H+ → H its densely defined and closed embedding operator, and let A = j+j
∗
+ be the
kernel operator associated to this embedding. Then
(a) Ran(A1/2) = Dom(j+) is dense in both R(A
1/2) and H+.
(b) For all x ∈ Ran(A1/2) and all y ∈ Dom(A) we have 〈x, y〉H = 〈x,Ay〉+ = 〈x,Ay〉A1/2.
(c) Ran(A) is dense in both R(A1/2) and H+.
(d) For any x ∈ Dom(j+) we have
‖x‖+ = sup
{ |〈x, y〉H|
‖A1/2y‖H
| y ∈ Dom(A1/2), A1/2y 6= 0
}
.
(e) The identity operator : Ran(A))(⊆ R(A1/2)) → H+ uniquely extends to a unitary
operator V : R(A1/2)→H+ such that V Ax = j
∗
+x, for all x ∈ Dom(A).
2.3. Triplets of Closely Embedded Hilbert Spaces. By definition, (H+;H0;H−) is
called a triplet of closely embedded Hilbert spaces if:
(th1) H+ is a Hilbert space closely embedded in the Hilbert space H0, with the closed
embedding denoted by j+, and such that Ran(j+) is dense in H0.
(th2) H0 is closely embedded in the Hilbert space H−, with the closed embedding denoted
by j−, and such that Ran(j−) is dense in H−.
(th3) Dom(j∗+) ⊆ Dom(j−) and for every vector y ∈ Dom(j−) ⊆ H0 we have
(2.8) ‖y‖− = sup
{ |〈x, y〉H0|
‖x‖+
| x ∈ Dom(j+), x 6= 0
}
.
Remark 2.5. (1) Let us first observe that, by axiom (th3), it follows that actually the
inclusion in (2.8) is an equality
(2.9) Dom(j∗+) = Dom(j−).
(2) Let H+, H0, and H− be three Hilbert spaces. Then (H+;H0;H−) makes a triplet of
closely embedded Hilbert spaces if and only the axioms (th1), (th2), and
(th3)′ Dom(j∗+) = Dom(j−) and ‖j−y‖− = ‖j
∗
+y‖+, for all y ∈ Dom(j−).
hold.
Indeed, let us assume that the axioms (th1) and (th2) hold. If (th3) holds as well, then,
by the previous remark, Dom(j∗+) = Dom(j−) holds. Then, applying Theorem 2.3 to the
closed densely defined operator j+ we obtain that ‖j−y‖− = ‖j
∗
+y‖+, for all y ∈ Dom(j−),
hence the axiom (th3)′ holds as well. Similarly we show that (th3)′ implies (th3).
The concept of a triplet of closely embedded Hilbert spaces was obtained in [5] as a conse-
quence of a model, starting from a positive selfadjoint operator H in a Hilbert space H with
trivial kernel, and a factorisation H = T ∗T , with T a closed operator densely defined in H
having trivial kernel and dense range in the Hilbert space G, and based on the spaces of type
D(T ) and R(T ), see subsections 2.1 and 2.2. Under these assumptions, (D(T );H;R(T ∗)) is
a triplet of closely embedded Hilbert spaces with some additional remarkable properties.
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Theorem 2.6 ([5], Theorem 4.1). Let H be a positive selfadjoint operator in the Hilbert
space H, with trivial null space. Let T ∈ C(H,G) be such that Ran(T ) is dense in G and
H = T ∗T . Then:
(i) The Hilbert space D(T ) is closely embedded in H with its closed embedding iT having
range dense in H, and its kernel operator A = iT i
∗
T coincides with H
−1.
(ii) H is closely embedded in the Hilbert space R(T ∗) with its closed embedding j−1T ∗ having
range dense in R(T ∗). The kernel operator B = j−1T ∗ j
−1∗
T ∗ of this closed embedding is
unitary equivalent with A = H−1.
(iii) The operator i∗T |Ran(T
∗) extends uniquely to a unitary operator A˜ between the Hilbert
spaces R(T ∗) and D(T ). In addition, A˜ is the unique unitary extension of the kernel
operator A, when viewed as an operator acting from R(T ∗) and valued in D(T ), as
well.
(iv) The operator H can be viewed as a linear operator with domain dense in D(T ) and
dense range in R(T ∗) and, when viewed in this way, it is isometric and it extends
uniquely to a unitary operator H˜ : D(T )→ R(T ∗), and H˜ = A˜−1.
(v) Letting VT ∈ B(G,DT ) denote the unitary operator such that T
−1 = iTVT and
UT ∗ ∈ B(G,R(T
∗)) denote the unitary operator such that T ∗ = UT ∗jT ∗ , we have
H˜ = UT ∗V
−1
T .
(vi) The operator Θ defined by
Θ: R(T ∗)→ D(T )∗, (Θα)(x) := (A˜α, x)T , α ∈ R(T
∗), x ∈ D(T ),
provides a canonical identification of the Hilbert space R(T ∗) with the conjugate dual
space D(T )∗ and, for all y ∈ Dom(T ∗)
‖y‖T ∗ = sup
{ |〈y, x〉H|
|x|T
| x ∈ Dom(T ) \ {0}
}
.
On the other hand, the properties of the triplet (D(T );H;R(T ∗)) as exhibited in the
previous theorem can be proven for any other triplet of closely embedded Hilbert spaces.
Theorem 2.7 ([5], Theorem 5.1). Let (H+;H0;H−) be a triplet of closely embedded Hilbert
spaces, and let j± denote the corresponding closed embeddings of H+ in H0 and, respectively,
of H0 in H−. Then:
(a) The kernel operator A = j+j
∗
+ is positive selfadjoint in H0 and 0 is not an eigenvalue
for A. Also, the Hamiltonian operator H = A−1 is a positive selfadjoint operator in H0 for
which 0 is not an eigenvalue.
(b) Dom(j∗+) = Dom(j−), the closed embeddings j+ and j− are simultaneously continuous
or not, and the operator V = j∗+ : Dom(j
∗
+)(⊆ H−) → H+ extends uniquely to a unitary
operator V˜ : H− → H+.
(c) The kernel operator A can be viewed as an operator densely defined in H− with dense
range in H+, and it is a restriction of the unitary operator V˜ .
(d) The Hamiltonian operator H can be viewed as an operator densely defined in H+
with range dense in H−, and it is uniquely extended to a unitary operator H˜ : H+ → H−,
and H˜ = V˜ −1.
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(e) The operator Θ defined by (Θy)(x) = 〈V˜ y, x〉+, for all y ∈ H− and all x ∈ H+
provides a unitary identification of H− with the conjugate dual space H
∗
+.
The fact that there is a rather general model for triplets of closely embedded Hilbert
spaces, as in Theorem 2.6, can be used to prove certain existence and uniqueness results.
Theorem 2.8 ([5], Theorem 5.2). Assume that H0 and H+ are two Hilbert spaces such that
H+ is closely embedded in H0, with j+ denoting this closed embedding, and such that Ran(j+)
is dense in H0.
(1) One can always extend this closed embedding to the triplet (H+;H0;R(j
−1∗
+ )) of closely
embedded Hilbert spaces.
(2) Let (H+;H0;H−) be any other extension of the closed embedding j+ to a triplet of
closely embedded Hilbert spaces, let A = j+j
∗
+ be its kernel operator, and let j− denote the
closed embedding of H0 in H−. Then, there exists a unique unitary operator Φ− : H− →
R(j∗+) such that when restricted to Dom(j−) acts as the identity operator.
Another consequence of the existence of the model is a certain ”left-right” symmetry,
which, in general, the classical triplets of Hilbert spaces do not share.
Proposition 2.9 ([5], Proposition 5.3). Let (H+;H0;H−) be a triplet of closely embedded
Hilbert spaces. Then (H−;H0;H+) is also a triplet of closely embedded Hilbert spaces, more
precisely:
(1) If j+ and j− denote the closed embeddings of H+ in H0 and, respectively, of H0 in
H−, then j
−1
− and j
−1
+ are the closed embeddings of H− in H0 and, respectively, of H0 in H+.
(2) If H and A denote the Hamiltonian, respectively, the kernel operator of the triplet
(H+;H0;H−), then A and H are the Hamiltonian and, respectively, the kernel operator of
the triplet (H−;H0;H+).
3. Generalised Triplets in the Sense of Berezanskii
In this section we compare the notion of triplet of closely embedded Hilbert spaces with
that of generalised triplet of Hilbert spaces as defined in [2] at page 57, more precisely,
(H;H0;H
′) is called a generalised triplet of Hilbert spaces if:
(gt1) D = H∩H0 ∩H
′ is a linear subspace dense in each of the Hilbert spaces H, H0, H
′.
(gt2) The sesquilinear form b(ϕ, ψ) = 〈ϕ, ψ〉H0, ϕ, ψ ∈ D, has the property
|b(ϕ, u)| ≤ ‖ϕ‖H′‖u‖H, ϕ, u ∈ D,
and hence it can be uniquely extended to a continuous sesquilinear form H′ × H ∋
(ϕ, v) 7→ b(ϕ, v) ∈ C.
(gt3) For each u ∈ H there exists a unique vector ϕu ∈ H
′ such that 〈u, v〉H = b(ϕu, v), for
all v ∈ H.
Preferable is to reformulate this definition in operator theoretical terms.
Lemma 3.1 ([2], page 58). Let H, H0, and H
′ be Hilbert spaces. Then (H;H0;H
′) is a
generalised triplet of Hilbert spaces if and only if (gt1) holds and there exists B : H′ →H, a
contractive and boundedly invertible operator, such that
(3.1) 〈ϕ, u〉H0 = 〈Bϕ, u〉H, ϕ, u ∈ D.
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In addition, the operator B is uniquely determined, subject to these properties.
Proof. Let (H;H0;H
′) be a generalised triplet of Hilbert spaces. By (gt2) and the Riesz’s
Representation Theorem for bounded sesquilinear forms, there exists B : H′ → H, a con-
tractive operator, such that
(3.2) b(ϕ, u) = 〈Bϕ, u〉H, ϕ ∈ H
′, u ∈ H.
By (gt3) and the Closed Graph Theorem, the operator B is boundedly invertible.
Conversely, ifH, H0, andH
′ satisfy the axiom (gt1) and, in addition, there exists B : H′ →
H, a contractive and boundedly invertible operator such that (3.2) holds, it is easy to see
that (gt2) and (gt3) hold, hence (H;H0;H
′) is a generalised triplet of Hilbert spaces. 
As a consequence, it can be shown that the concept of generalised triplet of Hilbert spaces
has a property of symmetry similar to that of the concept of triplet of closely embedded
Hilbert spaces.
Corollary 3.2 ([2], Theorem 1.2.10). If (H;H0;H
′) is a generalised triplet of Hilbert spaces,
then (H′;H0;H) is the same.
Proof. Assuming that (H;H0;H
′) is a generalised triplet of Hilbert spaces, by Lemma 3.1,
let B : H′ → H be the contractive and boundedly invertible linear operator such that (3.1)
holds. Then C = B∗ : H → H′ is a contractive and boundedly invertible linear operator such
that
〈ϕ, u〉H0 = 〈ϕ,Cu〉H′, ϕ, u ∈ D,
hence, again by Lemma 3.1, (H′;H0;H) is a generalised triplet of Hilbert spaces. 
3.1. Starting with a Triplet of Closely Embedded Hilbert Space. We first investigate
the possibility of making a generalised triplet from a triplet of closely embedded Hilbert
spaces.
Theorem 3.3. Let (H+;H0;H−) be a triplet of closely embedded Hilbert spaces and let
D = H+∩H0∩H−. Then, (H+;H0;H−) is a generalised triplet of Hilbert spaces if and only
if one, hence all, of the following mutually equivalent conditions holds:
(a) The sesquilinear form (D; ‖ · ‖−) × (D; ‖ · ‖+) ∋ (ϕ, u) 7→ 〈ϕ, u〉H0 ∈ C is separately
continuous.
(b) The sesquilinear form (D; ‖ · ‖−) × (D : ‖ · ‖+) ∋ (ϕ, u) 7→ 〈ϕ, u〉H0 ∈ C is jointly
continuous.
(c) |〈ϕ, u〉H0| ≤ ‖ϕ‖H−‖u‖H+ for all ϕ, u ∈ D.
Proof. Let (H+;H0;H−) be a triplet of closely embedded Hilbert spaces and let D = H+ ∩
H0 ∩ H−. In order to prove that the axiom (gt1) holds, we first prove that D is dense in
each of H+ and H0. To see this, we first observe that
Dom(j∗+j+) = {u ∈ Dom(j+) | j+u ∈ Dom(j
∗
+)}
= Dom(j+) ∩ Dom(j
∗
+), since j+u = u for all u ∈ Dom(j+)
= Dom(j+) ∩ Dom(j−), since Dom(j
∗
+) = Dom(j−), see (2.9),
= Ran(j+) ∩ Ran(j−), since j+ and j− are identity operators on their domains.
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Thus, Dom(j∗+j+) is a subspace of each of the spaces H+, H0, and H− hence, in particular, it
is a subspace of D. On the other hand, since Dom(j∗+j+) is a core for j+, for any u ∈ Dom(j+)
there exists a sequence (un)n of vectors in Dom(j
∗
+j+) such that ‖un − u‖H+ → 0 and
‖un − u‖H0 → 0 as n → ∞, hence, since Dom(j+) is dense in H+ and Ran(j+) is dense in
H0, it follows that Dom(j
∗
+j+) in dense in each of H+ and H0. In particular, D is dense in
each of H+ and H0.
In order to finish proving that the axiom (gt1) holds, it remains to prove that D is dense
in H− as well. To this end, by the symmetry property as in Proposition 2.9, (H−;H0;H+)
is a triplet of closely embedded Hilbert spaces as well and hence, using the fact just proven
that D, whose definition does not depend on the order in which we consider the spaces, is
dense in the leftmost component of the triplet, it follows that D is dense in H− as well.
In order to complete the proof, by Lemma 3.1 it is sufficient to prove that there exists a
contractive and boundedly invertible operator B : H− → H+ such that (3.1) holds. Indeed,
for arbitrary ϕ ∈ Dom(j∗+) = Dom(j−) and u ∈ Dom(j+) we have
(3.3) 〈ϕ, u〉H0 = 〈ϕ, j+u〉H0 = 〈j
∗
+ϕ, u〉H+ = 〈V ϕ, u〉H+,
where V = j∗+ but considered as an operator defined in H− and valued in H+. By The-
orem 2.7, there exists a unique unitary operator V˜ : H− → H+ that extends the operator
V . Letting B = V˜ , clearly, since B is unitary it is contractive and boundedly invertible. In
particular, (3.3) can be rewritten as
(3.4) 〈ϕ, u〉H0 = 〈Bϕ, u〉H+, ϕ ∈ Dom(j−), u ∈ Dom(j+).
We assume now that the condition (a) holds and prove that (3.4) holds for all ϕ, u ∈ D,
that is, (3.1). To this end, fix ϕ ∈ Dom(j−) for the moment and consider an arbitrary vector
u ∈ D. As proven before, Dom(j∗+j+) lies in D and is dense with respect to the norm ‖ · ‖H+
hence, there exists a sequence (un) of vectors in Dom(j
∗
+j+) such that ‖un − u‖H+ → 0 as
n→∞. By condition (a), 〈ϕ, un〉H0 → 〈ϕ, u〉H0 as n→∞, and by (3.4) we have
〈ϕ, un〉H0 = 〈Bϕ, un〉H+, n ∈ N,
hence, we can pass to the limit as n → ∞ to obtain that (3.4) holds for all u ∈ D and
all ϕ ∈ Dom(j−). Next, a similar reasoning, with fixing u ∈ D and approximating ϕ ∈ D
accordingly, shows that (3.4) holds for all u, ϕ ∈ D.
It is clear that (c)⇒(b)⇒(a). Observe that, we have just proven before that (a)⇒(c),
hence the conditions (a), (b), and (c) are mutually equivalent.
The converse implication is clear. 
Example 3.4. Weighted L2 Spaces. Let (X ;A) be a measurable space on which we consider
a σ-finite measure µ. A function ω defined on X is called a weight with respect to the
measure space (X ;A;µ) if it is measurable and 0 < ω(x) < ∞, for µ-almost all x ∈ X .
Note that W(X ;µ), the collection of weights with respect to (X ;A;µ), is a multiplicative
unital group. For an arbitrary ω ∈ W(X ;µ), consider the measure ν whose Radon-Nikodym
derivative with respect to µ is ω, denoted d ν = ω dµ, that is, for any E ∈ A we have
ν(E) =
∫
E
ω dµ. It is easy to seee, e.g. see [4], that ν is always σ-finite.
In [4], Theorem 2.1, it is proven that (L2w(X ;µ);L
2(X ;µ);L2w−1(X ;µ)) is a triplet of
closely embedded Hilbert spaces, provided that w is a weight on the σ-finite measure space
(X ;A;µ). More precisely, the closed embeddings j± of L
2
w(X ;µ) in L
2(X ;µ) and of L2(X ;µ)
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in L2w−1(X ;µ) have maximal domains L
2
ω(X ;µ) ∩ L
2(X ;µ) and, respectively, L2(X ;µ) ∩
L2ω−1(X ;µ). It is a routine exercise to check that, if ϕ, u ∈ L
2(X ;µ)∩L2w(X ;µ)∩L
2
w−1(X, µ)
then
|〈ϕ, u〉L2(X;µ)| ≤ ‖ϕ‖L2w(X;µ)‖u‖L2w−1 (X;µ)
,
hence, (L2w(X ;µ);L
2(X ;µ);L2w−1(X ;µ)) is a generalised triplet of Hilbert spaces as well, by
Theorem 3.3. Observe that, in the proof of Theorem 2.1 in [4], it was directly proven that
L2w(X ;µ) ∩ L
2(X ;µ) ∩ L2w−1(X ;µ) is dense in each of the spaces L
2
w(X ;µ), L
2(X ;µ), and
L2w−1(X ;µ).
Example 3.5. Dirichlet Type Spaces. For a fixed natural number N consider the unit
polydisc DN = D × · · · × D, the direct product of N copies of the unit disc D = {z ∈ C |
|z| < 1}. We consider H(DN) the algebra of functions holomorphic in the polydisc, that is,
the collection of all functions f : DN → C that are holomorphic in each variable, equivalently,
there exists (ak)k∈ZN
+
with the property that
(3.5) f(z) =
∑
k∈ZN
+
akz
k, z ∈ DN ,
where the series converges absolutely and uniformly on any compact subset in DN . Here and
in the sequel, for any multi-index k = (k1, . . . , kN) ∈ Z
N
+ and any z = (z1, . . . , zN) ∈ C
N we
let zk = zk11 · · · z
kN
N .
Let α ∈ RN be fixed. The Dirichlet type space Dα, see [10] and [7], is defined as the space
of all functions f ∈ H(DN) with representation (3.5) subject to the condition∑
k∈ZN
+
(k + 1)α|ak|
2 <∞,
where, (k + 1)α = (k1 + 1)
α1 · · · (kN + 1)
αN . The linear space Dα is naturally organized as a
Hilbert space with inner product 〈·, ·〉α
〈f, g〉α =
∑
k∈ZN
+
(k + 1)αakbk,
where f has representation (3.5) and similarly g(z) =
∑
k∈ZN
+
bkz
k, for all z ∈ DN , and norm
‖ · ‖α defined by
‖f‖2α =
∑
k∈ZN
+
(k + 1)α|ak|
2.
It is proven in [4], Theorem 3.1, that, letting α, β ∈ RN be arbitrary multi-indices, then
(Dβ;Dα;D2α−β) is a triplet of closely embedded Hilbert spaces. It is a simple exercise to
check that
|〈f, g〉α| ≤ ‖f‖2α−β‖g‖β,
whenever f, g ∈ Dβ ∩ Dα ∩ D2α−β hence, by Theorem 3.3 (Dβ;Dα;D2α−β) is a generalised
triplet of Hilbert spaces as well. Note that, in this particular case, Dβ ∩Dα∩D2α−β contains
PN , the linear space of polynomial functions in N complex variables, that is dense in each
of the Dirichlet type spaces Dβ, Dα, and D2α−β.
TWO GENERALISATIONS TRIPLETS OF HILBERT SPACES 11
3.2. Starting with a Generalised Triplet. We now consider a generalised triplet of
Hilbert spaces (H;H0;H
′). First, we investigate the possibility of making a triplet of closely
embedded Hilbert spaces out of it, in a natural way, and in such a way that it ”essentially”
coincides with it. Let D = H ∩H0 ∩ H
′ be the linear subspace that is dense in each of H,
H0, and H
′ and, in view of Lemma 3.1, consider the contractive linear operator B : H′ → H
that is boundedly invertible and such that (3.1) holds.
Let j+,0 be the linear operator with domain Dom(j+,0) = D, considered as a subspace of
H, as the embedding in H0, that is, j+,0u = u for all u ∈ D. We observe that, for any
u, ϕ ∈ D, we have
(3.6) 〈ϕ, j+,0u〉H0 = 〈ϕ, u〉H0 = 〈Bϕ, u〉H,
hence D ⊆ Dom(j∗+,0) and B|D = j
∗
+,0|D. In particular, j
∗
+,0 is defined on a subspace dense
in H0, hence j+,0 is closable. Let T ∈ C(H0,H) be the closure of the operator j+,0. Thus,
D ⊆ Dom(T ), Tu = u for all u ∈ D, and j∗+,0 = T
∗, in particular, T ∗|D = B|D. Therefore,
Null(T ) = H⊖ Ran(T ∗) ⊆ H⊖ BD = H⊖H = 0,
where we have taken into account that B is boundedly invertible and D is dense in H′. This
shows that T is one-to-one. Since TD ⊇ j+,0D = D, which is dense in H0 as well, it follows
that T has dense range in H0.
We can now consider the triplet of closely embedded Hilbert spaces (R(T );H0;D(T
∗)),
where jT is the closed embedding of R(T ) in H0 and i
−1
T ∗ is the closed embedding of H0 in
D(T ∗), see the definitions and properties in Section 2. In the following we show that the
subspace D is densely contained in R(T ), that on D the inner product of H coincides with
that of R(T ), and that on D the topological structure of H′ coincides with that of D(T ∗).
Since D is a subspace of Dom(T ) and T acts on D like the identity operator, it follows
that D is a subspace of Ran(T ), hence a subspace of R(T ). In addition, taking into account
that T is the closure of the embedding operator j+,0, for any vector x ∈ Dom(T ) there exists
a sequence (xn)n of vectors in D such that ‖x − xn‖H → 0 and ‖j+,0xn − Tx‖H0 → 0, as
n→∞. Hence
‖xn − Tx‖T = ‖xn − x‖H → 0, as n→∞,
which shows that D is dense in Ran(T ) with respect to the norm ‖ · ‖T , see (2.6). Since
Ran(T ) is dense in R(T ) with respect to the norm ‖ · ‖T , it follows that D is dense in R(T ).
On the other hand, for any vector x ∈ D we have
‖x‖T = ‖Tx‖T = ‖x‖H,
that is, on D the norms of the two Hilbert spaces H and R(T ) coincide.
On the other hand, as a consequence of (3.6) and taking into account that T ∗ = j∗+,0, it
follows that D ⊆ Dom(T ∗) and T ∗|D = B|D. Thus, D is a subspace of D(T ∗) and
(3.7) |x|T ∗ = ‖T
∗x‖H = ‖Bx‖H, x ∈ D.
Taking into account that B : H′ →H is bounded and boundedly invertible, this implies that
on D the norms | · |T ∗ and ‖ · ‖H′ are equivalent.
We have proven the following
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Theorem 3.6. Let (H;H0;H
′) be a generalised triplet of Hilbert spaces, let D = H∩H0∩H
′
be the linear subspace which is dense in each of H, H0, and H
′, and let B : H′ → H denote
the contractive linear operator that is boundedly invertible and such that (3.1) holds.
(1) Let j+,0 denote the linear operator with domain Dom(j+,0) = D, considered as a
subspace of H, and with codomain in H0, defined by j+,0u = u for all u ∈ D. Then j+,0 is
closable.
(2) Let T denote the closure of j+,0. Then T ∈ C(H,H0), is one-to-one, has dense range,
and T ∗|D = B|D.
(3) The triplet of closely embedded Hilbert spaces (R(T );H0;D(T
∗)), where jT is the
closed embedding of R(T ) in H0 and i
−1
T ∗ is the closed embedding of H0 in D(T
∗), has the
following properties:
(i) D is densely contained in R(T ) and on D the inner product of H coincides with that
of R(T );
(ii) D is a subspace of D(T ∗) and on D the norms ‖ · ‖H′ and | · |T ∗ are equivalent.
The triplet of closely embedded Hilbert spaces (R(T );H0;D(T
∗)) constructed out of the
generalised triplet of Hilbert spaces (H;H0;H
′) as in Theorem 3.6, ”essentially” coincides
with the triplet of generalised Hilbert spaces (H;H0;H
′) on the linear manifold D, that is
dense in each of the spaces H, H0, and H
′, modulo a norm equivalent with ‖·‖H′. If we want
the generalised triplet (H;H0;H
′) be a triplet of closely embedded Hilbert spaces itself, this
depends on a rather general question of when a closed embedding can be obtained from an
unbounded embedding by taking its closure. We record this fact in the following
Remark 3.7. Let H and G be two Hilbert spaces such that there exists D0 a linear manifold
of both H and G that is dense in G and let the embedding operator j0 : D0 → H be defined
by j0u = u for all u ∈ D0. Then, the following assertions are equivalent:
(a) j0 is closable, as an operator defined in G and valued in H, and the closure j = j0 is
a closed embedding of G in H, in the sense of the definition as in Subsection 2.1.
(b) For every sequence (un) of vectors in D0 that is Cauchy with respect to both norms
‖ · ‖H and ‖ · ‖G , there exists u ∈ H∩G (of course, unique) such that ‖un− u‖H → 0
and ‖un − u‖G → 0 as n→∞.
We can now approach the main question of this section referring to characterisations of
those generalised triplets of Hilbert spaces that are also triplets of closely embedded Hilbert
spaces.
Theorem 3.8. Let (H;H0;H
′) be a generalised triplet of Hilbert spaces, let D = H∩H0∩H
′
be the linear subspace which is dense in each of H, H0, and H
′, and let B : H′ → H denote
the contractive linear operator that is boundedly invertible and such that (3.1) holds. Then,
(H;H0;H
′) is a triplet of closely embedded Hilbert spaces, modulo a renorming of H′ with
an equivalent norm, if and only if the following three conditions hold:
(i) For any sequence (un) of vectors in D that is Cauchy with respect to both norms ‖·‖H
and ‖ · ‖H0, there exists u ∈ H ∩ H0 such that ‖un − u‖H → 0 and ‖un − u‖H0 → 0
as n→∞.
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(ii) For any sequence (ϕn) of vectors in D that is Cauchy with respect to both norms ‖·‖H′
and ‖ · ‖H0, there exists ϕ ∈ H
′ ∩H0 such that ‖ϕn −ϕ‖H′ → 0 and ‖ϕn −ϕ‖H0 → 0
as n→∞.
(iii) For every vector ϕ ∈ H0 with the property that the linear functional D ∋ u 7→ 〈y, ϕ〉H0
is bounded with respect to the norm ‖ · ‖H, there exists a sequence (ϕn)n of vectors in
in D such that ‖ϕn − ϕ‖H0 → 0 and ‖ϕn − ϕ‖H′, as n→∞.
Proof. We first assume that the generalised triplet of Hilbert spaces (H;H0;H
′) satisfies
all conditions (i)–(iii). Consider the operator j+,0 with domain Dom(j+,0) = D, viewed as
a subspace of H, as the embedding in H0, that is, j+,0u = u for all u ∈ D. By (3.6),
D ⊆ Dom(j∗+,0) and hence j+,0 is closable. By condition (i), see Remark 3.7, it follows that
the closure j+ of j+,0 is an embedding, that is, for all u ∈ Dom(j+) we have j+u = u. With
notation as in Theorem 3.6, this means that T = j+ is a closed embedding of H in H0. In
addition, by condition (i) it also follows that
(3.8) 〈ϕ, u〉H0 = 〈Bϕ, u〉H, u ∈ Dom(j+), ϕ ∈ D.
Further on, by changing the norm ‖·‖H′ with an equivalent norm, without loss of generality
we can assume that the operator B : H′ → H is unitary. We consider the operator i−,0 with
domain D considered as a subspace of H′ and range in H0, defined by i−,0ϕ = ϕ for all
ϕ ∈ D. We observe that, for any u, ϕ ∈ D we have
(3.9) 〈i−,0ϕ, u〉H0 = 〈ϕ, u〉H0 = 〈Bϕ, u〉H = 〈ϕ,B
∗u〉H′,
hence D ⊆ Dom(i∗−,0) and B
∗|D = i∗−,0. Therefore, i
∗
−,0 is defined on a subspace dense in H0
and hence i−,0 is closable. From condition (ii) it follows that i−, the closure of the operator
i−,0, is an embedding, that is, Dom(i−) ⊆ H0∩H
′ and i−ϕ = ϕ for all ϕ ∈ Dom(i−). Clearly,
Dom(i−) = Ran(i−) is dense in both H0 and H
′, hence we can consider j− = i
−1
− , which is a
closed embedding of H0 in H
′ with dense range. In addition, by condition (ii) and (3.8) it
follows that
(3.10) 〈ϕ, u〉H0 = 〈Bϕ, u〉H, u ∈ Dom(j+), ϕ ∈ Dom(j−).
So far, we have shown that the triplet (H;H0;H
′) satisfies the axioms (th1) and (th2),
with respect to the closed embeddings j+ and j− defined as before. Recalling that B is
unitary, from (3.10) it follows that, for every ϕ ∈ Dom(j−), we have
sup
{ |〈ϕ, u〉H0|
‖u‖+
| u ∈ Dom(j+), u 6= 0
}
= ‖Bϕ‖H = ‖ϕ‖H′,
hence (2.8) holds. It only remains to prove that Dom(j∗+) ⊆ Dom(j−). To this end, let
ϕ ∈ Dom(j∗+), hence, the linear functional D ∋ u 7→ 〈j+u, ϕ〉H0 = 〈u, ϕ〉H0 is continuous
with respect to the norm ‖ · ‖H. By condition (iii), there exist a sequence (ϕn)n of vectors in
D such that ‖ϕn−ϕ‖H0 → 0 and ‖ϕn−ϕ‖H′, as n→∞, which means that ϕ ∈ Dom(j−). 
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